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1 Introduction

Magnetorheological elastomers (MREs) are a class of solids that consist of a
rubber matrix filled with magnetizable particle, typically sub-micron sized iron
particles.They have attracted considerable interest, especially in recent years,
because of their potential for providing relatively simple and quiet variable-
stiffness devices as rapid-response interfaces between electronic controls and
mechanical systems. These materials are capable of showing strong magnetoe-
lastic coupling properties. The application of an external magnetic field A tends
to align the initially random magnetization vectors of the particles with applied
external field (See Fig 1). As a result of the interparticle attractive magnetic
forces, the average particle distance is shortened thereby stiffening the material.
Even though the majority of engineering applications of MREs are relatively
recent, the theoretical framework for the magnetoelastic response of solids go
back to the 1950s and 1960s. The modeling principle can be broadly categorized
into two classes,
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Figure 1: Schematic diagram of a Magneto-Rheological Fluid.  Source:
www.howfstuffworks.com

¢ Direct method - Uses conservation laws of continuum mechanics. Equa-
tions are Eulerian in nature (Truesdell, Toupin, Tiersten, Maughin, Erin-
gen, Pao and Yeh).

* Energy method - Uses calculus of variation to extremize a suitable po-
tential energy function. Equations are Lagrangian in nature (Tiersten,
Brown, Maughin and Eringen).

In addition to these, macroscopic constitutive MRE models have been de-
rived from micromechanical considerations by Borcea and Bruno [1] for the small
strain linear elastic response of isotropic elastomers filled with rigid ferromag-
netic spherical particles. However in this report, which is primarily based on the
work of Kankanala and Triantafyllidis [2] attention is restricted to macroscopic
phenomena that can be reasonably captured by continuum theories. The paper
derives the governing equations using both direct and energy approaches and
proves that they are essentially the same.

2 Direct Approach
Direct approach consists of derivation of the differential equations and bound-

ary/interface conditions of magnetoelastic continua using the conservation laws
using current configuration for the definition of all the required field quantities.



2.1 Ampere’s Law

Ampere’s law takes the following form for time-independent problems in the
absence of external currents,

h-sdl =0, (1)
as

where h is the magnetic field, 8S any arbitrary but smooth and closed curve in
the solid, s its unit tangent at the same material point as h and d! corresponds to
the length element. Assuming adequate smoothness of h, and then using Stokes’
theorem together with localization argument gives us the following pointwise
equation for h: .
Vxh=0. (2)

In case of surface of discontinuity in h, a standard application of Eq. (1)(see
Kovetz (3]) in a closed loop with parts just above and just below the surface of
the discontinuity gives the following jump conditions:

nxh=0, (3)

where [f] = f, — f_, is the difference of the field quantity f evaluated at either
side of the discontinuity surface. It is assumed that the surface of discontinuity
has no surface currents and it does not move with respect to the material.

2.2 Absence of magnetic monopole

In case of magnetostatics, i.e. in the absence of time varying electromagnetic
fields, this condition cannot be derived, but has to be postulated ab initio.
Assuming that D is an arbitrary closed volume with surface 8D, the absence of
maguetic monopole assumption states that

b nda =0, “4)

ap
where b is the magnetic flux, n the outward normal and da the corresponding
surface area at a material point on dD. Assuming adequate smoothness on

b, one can use Gauss's theorem together with localization argument giving the
following pointwise condition on b:

V.b=0. (5)

In the case of surface of discontinuity in b, a standard application of Eq. (4)(see
Kovetz [3]) in a pill boz with parts just above and just below the interface gives
the following jump condition:

n-[b)=o. ®)

To the pointwise Eqs. (2) and (5) and the jump conditions (8) and (6), one
must add the b — h relationship:

b = po(h + m), )

where the m is the magnetization per unit current volume (in Am~1), a material

property, and y1p the magnetic permeability of vacuum. The relation between h
and m depends on the properties of solid under investigation.



2.3 Mass conservation

This postulates pertains to the conservation of mass M of an arbitrary body of
volume D namely:

M =0, ME/Dpdv, (8)

where f denotes material time derivative {total time derivative associated with
the change of f defined over a fixed material point) of the quantity f. To
take time derivative, we convert this equation to the reference configuration
(dv = J dV)thus transforming Eq. (8), into:

M= [ pJav, (9)
Do

where J = detF, F = Vxx, Vx is the gradient operator in the reference config-
uration and Dy is the reference volume. Taking material time derivative of the
above equation, we get

m= [ o+ (9 30lav
= /D 6+ p(V - %)]dv = 0. (10)

Now using localization, one can arrive at the following pointwise mass conser-
vation equation:

Po=p+p(V-%X)=0, po=pl, (11)

where po denoting the reference density of the solid. The interface condition
can be derived by using Eq. (8) over a pill boz straddling across the interface
which moves at a velocity v, yielding the following jump condition:

n-[ p(k - V)] = 0. (12)

2.4 Balance of linear momentum

This postulate states.that the time rate of change of linear momentum of an
arbitrary body is equal to the sum of all the forces exerted inside it (sum of body
forces) and on its surface (sum of surface tractions). For the case of continuum
magnetoelasticity (or electrodynamics more generally) there are several different
ways of defining stresses, tractions and body forces, leading to a somewhat
confusing state of affairs. In the present work, the approach taken by Kovetz [3]
is adopted. The total Cauchy stress’ measure T is defined to take into account
for both mechanical and electromagnetic contributions. A body force term is
introduced the nature of which is not known at this stage but will turn out to be
non-magnetic in nature. The total linear momentum for a body D subjected to
an external force F which is the sum of both body forces £ and surface traction
t can be written as:

L=F, LE/p:':dv, fs/pfdv+/ tda. (13)
D D 8D

One can use the Cauchy tetrahedron relation t = Tn, and converting boundary
terms in Eq. (13) into volume terms using Gauss’s divergence theorem and mass

1Al 1ensor quantities of rank two would be denoted by mathbold font henceforth



conservation equation derived in the previous section to obtain the integral form
of the linear momentum balance equation:

= /D pidy = /D pfdv + fD (V-T)dv = F. (14)

Now using localization argument on the above equation considering the arbi-
trariness of D, we arrive the pointwise form of the linear momentum balance
equation:

=V .T+pf. (15)

The associated jump condition could also be derived using a familiar pill boz
approach used before:

[px—v)X-Thh+t=0. (16)

2.5 Balance of angular momentum

This postulate states that the time rate of change of angular momentum of an
arbitrary body is equal to the moment of all the forces, both body and surface,
exerted on it. It turns out because of the way Cauchy stress is defined, balance
of angular momentum yield symmetry of Cauchy stress tensor:

T =T7. (17)

The proof can be found in a standard continuum mechanics textbook like
Holzapfel [4).

2.6 Balance of energy

This postulate states that the rate of change of the total energy £, defined as
the integral of the total specific energy ¢ (per mass) , contained in an arbitrary
body of volume D is the sum of three contributions: a mechanical power P, due
to body forces f and surface tractions t, a thermal power 7 due to internal heat
sources r and surface heat flux # and an electromagnetic contribution R due to
an electromagnetic surface energy flux v, i.e.

€=P+T+‘R, £.=_/pedv
D

'PE/)’:-(pf)dv+/ X - tda
D [:32)

Tsjprdv-i- fda, B=-n-q

D 8D

Re [ yia,  y=-mp, p=(xxb)xh (18)
oD

Both the heat flux 8 and the electromagnetic energy flux + are taken positive
when the energy flows into the volume D . The vector q denotes the heat flux
vector and the vector p denotes the electromagnetic energy flux, also called
Poynting vector. One must note that p # 0 even in the magnetostatics case
because of changing position vector. Both energy flux vectors p and q are
assumed positive when energy flows out of the body.

One can now use mass conservation (11) to pass the time derivative inside the
integrand of £ and then use Cauchy tetrahedron relationship (11) for converting
the surface term in the mechanical power contribution in (18), and subsequently



using Gauss’ divergence theorem in all the surface integrals appearing in Eq.
(18) to get:

/ pédv = / [x- (pf)+pr]dv+f [V-(Tx — q - p)]dv. (19)
D D D

Using localization on the above, we arrive at the following pointwise form of the
energy balance equation,

pé=pb -x+r)+V - (Tx—q-p). (20)

The corresponding jump condition can be derived using the usual pill boz con-
struction across the surface of discontinuity moving with velocity v as:

lpé(x—v)~Tx+q+p]-n=0. (21)

The pointwise energy balance equation can be rewritten in a more useful form
by using vector identities:

V-(ATX)=A-(VX)+%x-V-A, A=TT,
V-(exd)=d-(Vxe)—c-(Vxd), c=xxb, d=h,
Vx(exd)=(Vc}-d-(Vd) ¢~ (Vd)-c+¢c(V-d) —d(V-c),

c=X, d=b (22

and using pointwise momentum balance equation (15) in conjunction with Am-
pere’s law (2), the energy balance equation (20) can be transformed into:

pé=[T—bh+(h-b)l]-(VX)+p(x-k+r)~V-q+h-(Vb)x, (23)

where 1 is the identity tensor.

2.7 Entropy generation inequality

The second law of thermodynamics states that the entropy H of an arbitrary
body of volume D, defined as the integral of the specific entropy (per mass) 5
increases at least as rapidly as the sum of the volume and surface heating, each
divided by the absolute temperature @ at which it takes place, namely

e [ oot [ poriae,  m= [ . (24)
D 8D D

The above equation can be converted to the following form using definition of
heat flux together with mass conservation to take the time derivative inside the
integral and finally invoking Gauss' divergence theorem to convert the surface
to a volume term, in Eq. (24):

H= /D pidy > fD pré~Ldy - /D V- (a0~1)|do. (25)

Now using localization argument and also noting that b = (Vb) - x (since
Ob/03t = 0) we can rewrite Eq. (25) as,

PO —é+%-%)+ [T -bh+(h-b)l]- (Vx)+h-b-[q-(VO)]6~1 >0 (26)

Once again, by taking a pill box straddling the surface of discontinuity moving
with velocity v, the following jump condition could be derived,

Ien(x-v)+qd~"-n>0. 27)



2.8 Constitutive Modeling

In this section the approach introduced by Coleman and Noll[5] would be used
to derive the constitutive equations. The specific total energy e consists of two
parts: the specific internal energy u plus the macroscopic kinetic energy 1/2x-x:

1. |
e=u+§x-x. (28)
The specific internal energy u of a magnetoelastic material is made up of the
following contributions: a thermal contribution 16, a magnetic energy contri-
bution go/2ph - h and a Helmholtz free energy %(F, m,8) is a function of the
deformation gradient F and the magnetization per unit current volume m, ie.

u=y(F,m,0) + 0y + ’;—2h ‘h. (29)

The existence of a Helmholtz free energy ¥ is based on the assumption that there
are no hysteretic or rate effects in the magnetoelastic solid and that there is no
energy dissipation in a closed loading loop in strain and magnetization space
under fixed temperature. By substituting the above expressions (28) and (29)
for the specific ¢ into the entropy inequality (26) and recalling mass conservation
(11), one obtains:

311) T T 1 .
[(P55F") +T-bh+po(h-m+ sh-b)1] - (V)
apsi 2 61/’ . -1
—|p—_= - p— -mh - g - > 0.

o L +r)]0+[ p6m+p.oh] m—[q- (VO)e~! >0 (30)
Considering the arbitrariness of the velocity gradient Vx, the temperature
change 6 and the magnetization change rh, the entropy inequality would be
satisfied only when the coefficients of the above quantities in Eq. (30) disap-
pear yielding the following set of equations:

r _ %
T = rg
o
pm

- %

FT+hb—p0(h-m+%h-h)I,

uoh

The contribution to the general stress measure that does not depend on the F
derivative of the free energy is termed by some authors (e.g. Tiersten|6]) as the
Maxwell stress, a definition that will also be adopted here. Different choices of
arguments of the free energy result in different Maxwell stresses.2
At first sight it seems that the result for the stress measure in Eq. (31); isin
contradiction with the balance of angular momentum that dictates a symmetric
total stress. Fortunately, the material frame indifference (objectivity) of comes
to the rescue. Indeed, the invariance of ¥ under any orthogonal transformation
Q, namely
¢(QF, Qm) = ¢(F, m), (32)
leads, with the help of polar decomposition theorem F = Q- U to the following
result for 1
Y= ¢(C¢ Frm)! C= FTFv (33)

2A detailed table of Maxwell stresses depending on those assumptions are presented in 12]
and not shown here. .




where C is the right ” Cauchy-Green” tensor. From Eq. (33) we can obtain these
identities,
8¢ 8¢ d¢ 8¢ _ .r 00
F = FoC T GFm)’  m - @Fm)

With the help of Egs. (34) and (31)2, expression (31); for the total stress T
becomes,

(34)

d¢
ac

which is a symmetric rank two tensor3!

At this point all the differential equations and their corresponding jump con-
ditions in the current configuration for a temperature-dependent magnetoelastic
solid have been presented. As it turns out, in the variational formulation of the
magnetoelastic boundary value problem, it is convenient to use the magnetiza-
tion per unit mass M instead of the magnetization per unit volume m which
has been employed up to this point. In the interest of comparing the govern-
ing equations of the direct and energy approach, it is necessary to present our
previous results in terms of the Helmholtz free energy 1 expressed this time in
terms of the specific magnetization M:

7 = p(2F % lFT)+po[mh+hm+hh—(h-m+%h-h)]l]=0 (35)

$(F,m) = $(F,M) =§(F,p"'m), m=,M. (36)
The constitutive relation for the magnetic field h (31), can be thus rewritten

in terms of 1]1 as:
8
M’
The derivation of the constitutive relation in terms of the stress T in terms of ¢

requires mass conservation pJ = pg and J = detF to establish the intermediate
result:
ap~!

=p} -T
7 =P F-4 (38)
Using Eqgs. (37) and (38), (31); can be rewritten as:

poh = (37)

8y
= P5F
The pointwise equation of motion for the magnetoelastic solid (15) can be thus
written in terms of 4, with the help of Eqs. (39), (5) and (2):

Tl = p—F7 +hb - —(h h)I. (39)

pR=V" ( g—;rﬂ) + po(Vh)m + ph. (40)
Note the appearance of the second term pg(Vh)m in addition to the body force
f postulated ab initio. Several authors postulate the existence of a magnetic
body force term uo(Vh)m(e.g. Tiersten[6}) but the approach followed here gives
this term from the divergence of the general stress measure T which contains
magnetic contributions. Hence now one can see that the body force f does
not contain magnetic contributions. The jump conditions for this case can be
derived by noting that the boundary of a magnetoelastic solid is a surface of
discontinuity moving with a velocity v = x, the material velocity of its surface
points, thus obtaining from Eq. (16):

[Tlh=t. (41)

3It must be uoted that C is symmetric




Since the discontinuity surface coincides with the boundary 8D of the solid, on
the material side ¥ # 0,m # 0 while on the free space side ¢y = 0,m = 0.
Using this information plus the interface conditions (3) and (6) one obtains the
following expression for [h]:

[h]=(m-n)n, (42)
which together with (39) allows (41) to be expressed in terms of ¥ as:

8% T Ho 2
t= p(ﬁﬂ" Ja- Bm-n)n, (43)
thus completing the task of expressing the equations of motion and accompa-
nying surface traction boundary conditions in terms of ¥(F, M).

3 Energy approach

This section would aim to derive an alternative derivation of differential equa-
tions and boundary conditions for a magnetoelastic solid as Euler-Lagrange
equations of an energy minimization principle. In addition, it will be shown
that they coincide with their counterparts obtained by the direct approach in
the previous section. For simplicity (and with no loss of generality) kinetic
energy and thermal effects are ignored in this section.

In contrast to finite elasticity, a magnetoelastic solid not only stores energy
inside the volume V' it occupies but its presence changes the magnetic field of
the free space around it. Hence, the total energy £ is the sum of solid’s free
energy plus the magnetic energy of the entire space:

£=j;apudv=/vml3dv+/;a-ﬂ2—°(h-h)dv (44)

since only the quasistatic and isothermal processes are considered here.
At this stage, we separate the magnetic field b into the externally applied

field ho plus the perturbation field h; due to the presence of the magnetoelastic
solid, namely

h=hg +h;. (45)

According to Ampere’s Law for h and hg, both h and h; are gradients of

scalar functions, say ap and a;. In addition since the perturbation field must

vanish far away from the solid, i.e. ||hy|] — 0 at ||x|| — oo, it is reasonable to
assume that a; does the same, i.e.

ho =~-Vag, h1=-Va;, o1 =0 |x|| — . (46)

Thus the magnetic energy of the entire space can be rewritten as,

/ B h-hydv = / S by - hy)dv + / 29 (ho - ho)dv, (47)
R? R 2 s 2
since the integral of h; « hy over R?® can be shown to vanish.

To find the potential energy IT of the magnetoelastic solid, one has to sub-
tract from £ the external work W of the applied loads

W= ./;,[yo(ho -m) + p(f - u)]dv + fov t - uda, (48)



where the term hp - m is the contribution of the applied external magnetic
field ho, p(f - u) is the body force contribution (u = x — X denotes the dis-
placement field) and the term t - u is the surface force contribution. Hence the
potential energy IT of the system (solid plus surrounding free space) is from Eqs.
(44),(47) and (48):

HEE—W:/(mz’-poho-m—pf~u)dv+/ %(h1-h1)dv
v R3

- / t-uda+ / 5 ho-ho)dv.  (49)
av re 2

The last term in the potential energy expression is fixed (it depends on the
external magnetic field ho which exists in the absence of the magnetoelastic
solid) and as a constant can be omitted from the potential energy. Hence, the
potential energy depends only on the displacement field u, the magnetization
per unit mass M and the magnetic potential a; (x) (of the perturbation field
h;). There are two approaches for to obtain the governing equations of magne-
toelasticity:

¢ Constrained minimization using Egs. (5) and (7) as imposed constraints
(Brown [7]). :

¢ Treating u,M,; as independent variables but the corresponding ex-
tremum principle is not a minimizer of IT (Brown [7] and Toupin [8)).

A better approach i.e. to obtain an energy with a zero first variation that
corresponds to local minimum, one must express the potential energy not in
terms of potential o of the perturbation magnetic field h; but in terms of
the vector potential a; (defined later) of the perturbation magnetic flux b;.
Recalling b — h relation from Eq. (7), and noting that the by = yghg, one has
for the perturbation fields,

b1 = o(hy + m). (50)

Now let us define a vector potential for the divergence free perturbation
magnetic flux:

bl =V x a. (51)
By using Eqs. (50) and (51) one can rewrite Eq. (49) as:

H=/(p1/3-—uoh-m—pf-u)dv
v

+/ L(V><a1—;,¢om)-(V><a1—;40m)dv—/
R

t - uda. 52
s 2p0 ov (52)

It can be shown that by extremizing IT with respect to its independent vari-
ables u,m, a;, one can obtain the desired governing equations and boundary
conditions for the magnetoelastic solid. It must however be noted that the
derivations are much easier when a total Lagrangian formulation of the varia-
tional principle is considered and a reference configuration is used. In addition,
total Lagrangian formulation is especially desired for numerical algorithms in
magnetoelastic formulation since, analytical solutions are not generally feasible
except for some trivial geometries. Now, we can rewrite Eq. ( 52) in terms of
reference variables?,

4Usual continuum convention is being followed here. Al reference variables are denoted
by upper case letters and current variables as lower case letters
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n=f po[;z(n-‘,M)-m,M-ho-f-u]dv-] T udA
Vv v
1
+ [ 52 (F(Tx x A1) ~ hopoM) - (F(Tx x A1) ~ apoM)
RS 2[&().]
'—"_/ PO['I’(F:M)—ﬂoM'ho—f-u-i-&pM~M
Y 57

1M F(Ux x A)av +/ L (Vx x A1) - C(Vx x Ay)dV
J R3 2[10.]

- T - udA. (53)
av

In the above expression for the potential energy of the reference configuration
M(u(X), M(X), A, (X)), the following quantities are used, py the mass density
of the reference configuration, T, the reference traction on the boundary, M the
current magnetization per unit mass, F, the deformation gradient and C, the
right Cauchy-Green deformation tensor. For the magnetic quantities, it must
be noted that the current magnetic flux perturbation b; in Eq. (51) has been
replaced by its reference configuration counterpart, where

B1=JF'b, B;=VxxA,. (54)

Now we have all the machinery needed to show the first variation of I1
with respect to the independent variables u(X), M(X), Ay (X) gives its Euler-
Lagrange equations of linear momentum and Ampere’s equations, the corre-
sponding boundary conditions plus the m — h constitutive relation. A small
note on the admissible variables:

o The field of admissible flux potential A, (X) is any continuous vector field
defined over R3

¢ The field of admissible magnetization per unit mass M(X) is defined only
onVand M=0for X¢gV

® The field of admissible values of u(X) makes physical sense only for points
X € V. However, without loss of any generality, it can be extended over
R3. Hence, du(X) is taken to be any continuous function on R® which in
addition satisfies kinematic admissibility, i.e. u = 0 on the part of 9V,
of the boundary where u is prescribed.

Taking variation of potential energy II with respect to M:

- ekl
II,MJM—/Vpo(m— 6M — pghg - M + popM - 6M
1
- [jF(Vx x AI)]JM)dV =0 (55)

Considering the arbitrariness of M one obtains from Eq. (55) the following
pointwise equation:
Y 1
gt ~ (Hobo + SF(Vx x Aq) - uopM) = 0. (56)
By considering the relationship between M and m in Eq. (36) and the perturbed

current and reference magnetic fluxes b, and B, in Eq. (54), one can rewrite
Eq. (56), with the help of Eq. (50):

11



63_1& =hko [h" + (ﬁbl = m)] = po(ho + h1) = poh, (57)

which coincides, as expected with the h — M relationship given in Eq. 37)
and derived by the direct approach.

The next step is to consider the extremum of the potential energy Il with
respect to the potential A; of the perturbed magnetic flux, namely

1
A, 6A; = / (ro] - M F(vx x 6a1)]
RS
+-1(Vx x A1) C(9x x 5A1))dV =0 (58)
Hod

Note that in the above expression the integral is taken over the entire space
R3. At this point, the following identity of integral calculus is recalled:

/Vc-(de)dv=/vd-(ch)dv+/w(nxc)-dda, (59)

where ¢, d are arbitrary vector fields defined in V (and n is the outward normal
to the boundary V') where V is any arbitrary, finite subdomain of R3.

By successively applying Egs. (59) to (58), once to V and once to R3 \V,
with d = 8A; and e = J (g 'CT(Vx x A;) - poFTM) while keeping in mind
that the perturbed reference flux By, and hence |JA,|| — 0 as ||X]| = oo, one
obtains,

LA, 0A; = /!; 3 ([vx x [% (icT (Vx x Ay) - poIFTM)]] 8A1 )av

+ fv ([N (% (icT(vx x A1) - poF™M))] -8A1)da = 0. (60)

Recalling the relations between reference and current variables, we arrive at,

171 T LR S g S W

MO(J(VX x C A1)) 2FTM=F (Mb1 m) =FTh;=H,. (61)
Consequently in view of the arbitrariness of the vector field A,, one can restate
Eq. (60) in view of Eq. (61) as the differential equation,

Vx xHy =0 in R® (62)

and the accompanying boundary condition:
N x [H,4] on 8V, (63)

where H; is the perturbed magnetic field in the reference configuration which
can be related to its current configuration by the last expression of Eq .(61). It
is relatively straightforward to show that Eqs. (62) and (63) are the reference
counterparts of the Ampere’s Law. The final step in variational approach is
the re-derivation of the equilibrium equations and traction boundary conditions
for the magnetoelastic solid by extremizing the potential energy with respect to
u(X). From Eq. (49), one has

12



P\T po,
it 5u=/ YY" (Vxdu) = podho - M — £ - 6u + 2 . M5
n VPO[(BF) (Vxdu) — uodho 2 0
1 1
~M - F(Vx x Al)é(j) - 3M (Vxbu)(Vx Al)]dV
1 1
+-/r;3 m[(Vx x A1) C(Vx x A1)5(7)
+%(vx x A2) - 6C(Vx x Ap)]av
- / |T - 6ujdA =0, (64)
v

where all the variations are with respect to u. Some intermediate results re-
quired to transform Eq. (64) into more useful form.

5bo = (Vxho)du = (Vxcho)F~1u (65)
a(%) - -—%]F‘I(Vxéu), (66)
8p = —pF~}(Vxbu). (67)

We can now use Egs .(65)-(67) in (64) to obtain the following first variation of
the potential energy.

Il yéu = /V (Po[-#o[(vxhu)F_llTM ~f}-du+ [PO (Z_g)'r
_“L?J(uTlerl - M) (L%FBl ~ pM)F!

+B, (ﬁml - M)] - (Vxbu))dv

o (erBat® - 557 (5vm)

F-T(;;-jm‘nl)] - (Vxbu))dv

+ /8 [T duldA =0, (68)

It has been shown before that (4gJ)~'FB; — pM = by /1o — m = h; for points
X € V. Similarly (oJ)~'FB; = hy for points X € R3\ V (since m = 0 outside
the magnetoelastic solid). By using integration by parts involving Vxdu and
subsequent application of Gauss’s divergence theorem yields, in view of the
arbitrariness of du, the following differential equations:

8

XeV:Vx- [J(pa—;{’ - %(h1 ‘hy)FT 4 h,ble—T)]
+J[of + pom - F'T(Vxho)] =0, (69)
X € R\ V' : Ut [uoJ (s - %(h1 Bl)FT] =0, (70)

plus the boundary condition on 8V,

X eav: [J(pg—i - %(hlth‘T + h1b11F‘T)]]N =T (71)
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