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1 Abstract

In this article we will use the shell equations we derived in class and specialize
it to axisymmetric equations for a shell with unit director [Ant). In the
process we will be introducing new strain variables. The next step is to



el

Figure 1:

derive equations of equilibrium for a spherical vesicle. For this, we will cast
the Hilfrisch’s free energy [Hil] (a special case of the free energy that Philip
[Phil] derived in class) in terms of the new strain variables. We plug in this
free energy into the axisymmetric shell equations and get an axisymmetric
version of the equilibrium equations derived by Jenkins' [Jen]

2 Axisymmetric Equations for a Shell

Let us derive the axisymmetric equations for a shell assuming a unit director.
We have seen in class that under this assumption and with material ob jectiv-
ity we only need the linear and angular momentum balance as our governing
equations. Before starting to derive the equilibrium equations, let us set up
a convenient coordinate system and establish the following definitions:

{i,j,k} Denote a fixed orthonormal basis for E3.

S := (5, ®) Where S is arclength and & is the azimuthal angle in the refer-
ence configuration,

!Jenkins’ version is formulated in the current configurations using variational principles
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e1(®P) := cos ®i + sin Bj
e2(®P) := — sin ®i + cos Bj
€3 (= k

r°(5, @) := r°(S)e;(®) + 2°k is the position vector in the reference configu-
ration.

a’ := cos 6°(S)e, (P) +sin§°(S)k where 6° is as indicated in Fig. 2

d® := a, x e, is the director of the reference configuration.

(S, ®) := r(S)e;(®) + zk is the position vector in the current configuration.
a := cosf(S)e,(®) + sin(S)k

d := a x e; is the director of the current configuration.

v:=1'(S)cosf + 2'(S)sin# which is a measure of stretch along the arc lenth.
n:=2'(S)cos® — r'(S)sin# which is a measure of shear.

Subscripts in what follows denotes partial derivatives with respect to ap-
propriate variables

With the above defintions we have
rs =va+nd
re = r{S)es(P)
ds = —8'(S)a(S, ®)
de = —sin §(S)e, (D)

With this let is introduce the following strain variables

here 7 is the stretch along the azimuthal direction and 4 is a measure of
bending. To get a feel for o, imagine deforming a flat circular plate into a
cone. Let us further assume unshearablity along the thickness (that is, the
director is the normal). Then, althought i = 0, ¢ is not equal to zero. Thus,
bending out of plane is captured by o.
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2.1 Linear Momentum Balance

Recall that our equation for linear momentum balance for a shell with body
force b per unit area of a flut reference configuration derived in class was

(Na)a+b =0 (2)

But if the reference configuration is curved, then the above equation is to
modified as follows:

(VA (VANo)a +b =0 (3)

where o € {S,®} and VA = ro(S). Let me sketch the proof for (3). Recall
from that (2) comes by integration of parts of the following equation

/ Nobo +be dA =0 (4)
a .

where ¢ is the variation of the position and € is the surface in the reference
configuration. On a surface parametrized by generalized coordinates {S, 8},

area element, dA = v/AdSd®2. Where v/A is defined in Section (4.1) and in
general depends on {5, ®}. So, the above equation becomes,

/ (Nabo + b€) VAdSdD = 0 (5)
Q
And now integrating by parts,
/ (VAN,).€ + VAbE dSdd = 0 (6)
Q

Which then by localization argument gives us (3).
_ If we, furthermore, assume hyperelasticity and postulate a free energy
E(rs,re,d,ds,ds) then we saw in class that

9€

Ng = Bre (7)
o€

Np = Bre (8)

(9)

2For example, in polar coordinates parameterized by {r,8}, dA = rdrdé

4



We shall now express these equations in terms of the strain variables (v, 7,7, g, u)
we have defined above. Let’s assume £(v, 7,7, 0, p) == &(rs,re,d,ds,dg).
We then have,

N5=%a+a§d = N(S)a+H(S)d (10) )
o€ 1 0€

N =: %T(S)eg a1

T ar(S) 2T Sy or

So, N = g—i, H= g—f) and T = gé. Let us now write the linear momentum

balance (3) using the above defintions as
(r°(Na+ Hd))s + (T(S)es)s + °b = 0 (12)

That is
(r°(Na+ Hd))s - (T(S)e; + r°b =0 (13)

2.2 Angular Momentum Balance

The angular momentum balance for a shell with a body couple per unit area
1 derived in class with the argument given in Sec. (2.1) becomes

(VA)" (VAM,)a + 1o x Ny +1=0 (14)

Just as in linear momentum balance, we shall put the above equation in
terms of the strain variables defined in (1). The following equations follow
from the free energy £

MS =d x 6Tds (15)
o€
Mq; =d x E (16)
Using the identities d x a = e;, d x e; = —a the above equations become
o€ o€
Mg =d x (-—a—”a) = —582 = —M(S)ez (17)
10¢ 19€& 1
Mq: =d x (—;%eg) = F%a =: ;E(S)a (18)



That is, we have defined % = M and g% = X. With these, (14) becomes

(=r°M(S)ex(®))s + (Z(S)a(S, @))e + r°((va + 5d) x (Na + Hd)  (19)
+%Te2 X e]+r1=0 (20)

Noting that g—; = cosf(S)e; and d x a = e, and dotting the resulting
equation with e, we get

(r°M)s — Ecos8(S) + r°(vH —pN) = 1°l . e, = 0 (21)

3 Equilibrium Equations for an Spherical Ax-
isymmetric Shell

Let us consider a shell whose reference configuration is spherical with a unit
radius pressurized from the inside with pressure p. We will also assume
zero body couple (1 = =0). For such a shell 7°(S) = sin S, 2°(S) = cos S,
8°(S) = S and b = p(—na + vd)r(S)/r°(S). The linear momentum balance
(13) then becomes

(sinS(Na+ Hd))s — Te, + r(S)p(—na + vd) =0 (22)
Using ag = 6’(S)d, dg = —6'(S)a and e; = cosfa — sin 8d

((sin SN)s — sin SHE'(S) — T cos§ — v(S)pn)a + (23)
((sin SH)s + sin SN@'(S) + sin T + +(S)pr)d = 0 (24)

The angular momentum balance (21) becomes
(sin SM)s — Ecosb + sin S[wH ~ yN] = 0 (25)

Summarizing equations (23) and (25)

((sinSN)s — sin SHE'(S) — T cos 8 — #(S)pn) = 0 (26)
((sin SH)s + sin SNE'(S) + sin 6T + r(S)pv) =0 (27)
(sin SM)s — L cosb + sin S[vH — nN] = 0 (28)



4 Lipid Membranes

We have seen in Philip’s talk that the lipid membranes have free energy
which depends on h, the mean curvature and k, the gaussian curvature.
We will assume that the lipid bilayer is incompressible (that is locally area
preserving) and specialize this constitutive law to our axisymmetric problem.
The assumptions involved are:

1. Lipid is unshearable along the thickness. That is the director is normal
to the surface, d = n which implies that 5 = 0. : :

2. Locally area preserving. That is v7 = 1.
3. Lipid has an energy function Y(h, k) = D,h? + D,k

To do this we need to express h and & in terms of our strain varisbles
(v,1, 7,0, ). So, let us express the first and second fundamental forms C and
K in terms of the strain variables. Recall that the first fundamental form is
defined as C = [C,,g] = [rq - g and the second fundamental form is defined
88 Kk = [Kap] = [Fap - d] where a, B € {S, ¥}

4.1 The First Fundamental Form

Since rg = va + nd and rq = re,.

o=z roee) (29)
@=("3" %) (30)

Sinceaa=d-d=e;-e;=1anda-d=d-e; =e,-a=0. Let [C]° represent
the components of the first fundamental form of the reference configuration,

then 1° =1,7° =0 and [C]° = ( (1) rgz ) and so det([C]°) = r°2. Thus,

J 1= \/det([C])/det([C]°) = /v* + 7rir’ = v+ p2r (31)

In, particular, with zero shear, i.e, = 0, J = v7. This equation will be used
later.



4.2 The Second Fundamental Form

rss = V'(S)a(S, ®) + v(S)as(S, ®) = v'a + vf'd (32)
ree = 1(S)ex(P)e = —1(S)e, (P) (33)
Pes = r'(S)e2(<I>) (34)
Thus,
J o I‘ss'd I‘Snp'd
[h] - ( sy d Feg . d ) (35)
ve' 0
- ( 0 (S)sinf ) (36)
where we have used d-e, = (axe;)-e;=0andd-e; = a-e, Xxe; =—-a-k=
—siné.

4.3 Curvature Tensor

The components of the curvature tensor is defined as (L] = [C]~[«].

L0 v 0
= [ 7
L) = (0 r%)( 0 rsinﬁ') (37)
al
= 0
-5 &) @
'The compents of the curvature tensor in terms of our strain variables are
£ 0
[L]=—(6 g) (39)
The mean curvature (h) and the gaussian curvature (k) are given by
l/p o
h=-3(0+7) (0)
_wo
Tt (41)



4.4 The Constitutive Law

The free energy for the lipid membranes stated in the beginning of the section
include the constraint of local area preservation, i.e. J = v7 = 1, our free
energy with the constraint added becomes

_ 1 n o o\2 uo
Tonnom=0(5+2) + D a0 ()
Which may be simplified to
1 b o\2
T(v,n,7,0,u) = ZDI (-V- + ;) + Dypo + (vt — 1) (43)

because v7 = 1. Here, v is a lagrange multiplier which in general could
depend on S. The above energy leads us to the following set of constitutive
equations

= ?9_11 = —%D, (5 +au) % + 7 — D2% (44)
T=2—E=—%D1 §+au) au2+’yu—D2% (45)
= 3_': = %Dl (g + au) v+ Doy (46)
M=g—Z=%D1 (§+O'V)T+D20' (47)

We shall express our equilibrium equations in terms of the mean curvature
and Gaussian curvature, and so let us write the above equtions as

u k
T = Dihov? + y — Dgé (49)
L =—-Dihv+ Dy (50)
M = —Dht + Dyo (51)

Where we have used v7 = 1 in the last terms of the first two equations. Qur
assumption that the membrane is unshearable along it’s thickness means that

d is the normal to the surface and 7 = 0. This makes H another lagrange
multiplier.



5 Equilibrium Equations for an Axisymmet-
ric Vesicle

Plug in expressions for M and X, (48) into (28)
—sinSvH =sin S(M(S))s + cos SM — S cosf (52)

= [sin S (~ D17 + Dyo)g + cos S (- Dyhr + Dy0) — (~D1hv + Dyp) cos 6)
= ~D; sin Sthg (53)

Where we have used results (65) and (66) from the Appendix to get to the
last equality. Thus,
H = D,7%hg (54)

Plug in expressions for T and N (48), and for H (54) into (28),
[sin .S'Dl'r?hs]s+sin Se' (Dlhm‘2 + 7 - D2§> +sin @ (Dlhau2 + v — D'_)é) +prv =0

Define Q := D 7%hg = %hs and use §' = y, sinf = osinS, r = 7sin S to
get

(sinSQs + Q cos S)+sin S [Dlh(u27'2 +0%%) + y(pt + ov) — Dok (-5 + g)] +sin Stvp =0

(55)
Let us now use 7v = 1,

g

(@s + Qcot ) + [Dlh (’:—:+T—:) +7(§+ ;)J +p=0  (56)

But (§+¢) =~2hand (4 +%) = (4+2)" 28 = 4p? k. o,
(Qs + Qcot S) + 2D1h(2h? — k) + 2Dakh —~ 2vh + p = 0 (57)
The last of the equilibrium equations (26),

(sin S(Dyhr?p+y7— Dakt))s—sin SuD, 72 hg— (D1hov?+yv—Dykv)cosf = 0

(58)
With ' = (75in §)s = v cos#, one of the term involving v cancels. Expand-
ing (sin SD,hr%u)s and using (74), we get

Dy (sin S7°p)sh — Dy1hov? cos 6 + sin Sy — Dy sin Stks =0 (59)
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Dyh ((sin Stp)s — ov? cos8) + sin Sys — Dysin Stkg = 0
Now, using (71),

—2D,7sinShhg + 7sin Sys — Dysin Stks =0
which is can be written as
7sinS(Dyh? + Dok —7)s =0

That is,
D1h2+D2k—’)'=d

where d is a constant. Putting (57) and (63) together we have,

(Qs + Qeot S) + 2D1h((h* — k) +d) +p =0

(60)

(61)

(62)

(63)

(64)

Notice that D;, the gaussian curvature does not enter the equations. Which
in [Jen] falls out by the Gauss-Bonnet theorem. The above equation is ob-

tained in [Sov] by a different method.

6 Appendix

1.
sin $7s + cos ST = vcosf
Pf: Since sin ST = r,sinS7g + cos ST = rg = vcos b
2.
sin Sog + cos So = pcos 8
Pf: Since sin So = sin#, sin Sog + cos So = cos 88’ = jicosf
3.

(sin Sur?)s — ov?cos 6
TsinS

2hg =

Pf:

—2hs = (p/v+o/r)s = (W—:a—))s
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(67)

(68)



7

_ (sin S(ur? + o)

T

) Since 7=r/sinS (69)
s

r[(sin Sur®)s + (sin So)s] — sin S(ur? + o)v cos b
where we have substituted r' = v cos §. If we now use sin S = T/T=rv
in the last term,

(70)

(sin Sut?)s + (sin So)s — (ur? + o)v2 cos f
r

~2hs =

(71)

Finally (osinS) = sin@ implies, (osinS)s = # cosf = pcos®). This
along with v7 = 1 cancels (osin S)s with the last term in the previous
expression and we get

ol (sin Spr?)s — ov?cosd
—2hg =

- (72

which may be simplied, using r = sin S7 to
ohe = — (sin S[LT2)5: — ov?cos? (73)

TsinS
(sin Skr)s = kv cos@ + sin S7kg (74)
Pf:

(sin SkT)s = k(cos ST + sin S7g) + sin Stkg (75)
= k(sin7)s + sin Stkg (76)

Note that 77° = 7sinS = r and since 5 = 2’cosf — 'sind = 0 and
v=r'cosf + z'sin§ we have vcosf = r'. So, substituting ' = v cos 4,

(sin SkT)s = kvcos@ + sin Stks (77)
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